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Abstract
We compute the equivariant K-theory with integer coefficients of an equivariantly formal
isotropy action, subject to natural hypotheses which cover the three major classes of known
examples. The proof proceeds by constructing a map of spectral sequences from Hodgkin’s
Künneth spectral sequence in equivariant K-theory to that in Borel cohomology. A new char-
acterization of equivariant formality appears as a consequence of this construction, and we
are now able to show that weak equivariant formality in the sense of Harada–Landweber
is equivalent with integer coefficients to surjectivity of the forgetful map under a standard
hypothesis.
The main structure theorem is formally similar to that for Borel equivariant cohomology,
which appears in the author’s dissertation/dormant book project and whose proof is finally
made accessible in an appendix. The most generally applicable corollary of the main theorem
for rational coefficients depends on a strengthening of the characterization of equivariant
formality due to Shiga and Takahashi, which appears as a second appendix.
1. Introduction
Presented with any smooth action of a group G on a space X, one almost reflexively reaches for
isotropy action of the stabilizer H of a point x at its tangent space in the hopes of applying repre-
sentation theory. The global version of this action, the isotropy action of H on G{H, thus occupies
a privileged role amongst group actions. On the other hand, in some sense the most compre-
hensible actions from the algebro-topological viewpoint are the equivariantly formal actions, those
for which the natural map H˚GX ÝÑ H
˚X from Borel equivariant to singular cohomology is
surjective. It is then natural to ask when an isotropy action is equivariantly formal. Fok [Fok17]
showed equivariant formality with rational coefficients is equivalent to surjectivity of the forget-
ful map K˚GpX;Qq ÝÑ K
˚pX;Qq from the Q-localization of complex equivariant K-theory, and
jointly with the present author [CF18] exploited this equivalence to derive several equivalent
characterizations of equivariant formality of an isotropy action. That work discusses the surjec-
tivity of the map K˚HpG{H;Qq ÝÑ K
˚pG{H;Qq without attempting to compute the structure of
the ring K˚HpG{Hq itself, leaving that task for this sequel.
Theorem K. Let pG,Hq be a pair of compact, connected Lie groups and k a subring of Q such that pi1G
is free abelian and the image of RpG; kq ÝÑ RpH; kq is a polynomial ring over which RpH; kq is a finite
* The author was partially supported by a postdoctoral fellowship from the Instituto Nacional de Matemática Pura
e Aplicada (IMPA) funded by the Coordenação de Aperfeiçoamento de Pessoal de Nível Superior (CAPES).
1
2free module. Then there is a ring isomorphism
K˚HpG{H; kq – Tor
˚,˚
RGpRH, RHqb k – RH bRG
RH bΛ pP b k,
where Λ pP – im`K˚pG{Hq Ñ K˚G˘ is an exterior algebra on rkZ pP “ rkG´ rkH generators and RH
is an RG-module by restriction of complex representations.
The key tool to prove this is a map of Künneth spectral sequences:
Theorem 2.2. Let G be a compact Lie group. The equivariant Chern character chG : K˚G ÝÑ H
˚˚
G induces
a natural transformation of Künneth spectral sequences, viewed as functors on the category of pairs pX,Yq
of compact locally G-contractible G-spaces with finite covering dimension. The E2 page of this map is
Tor‚,‚RG
`
K˚GX,K
˚
GY
˘
ÝÑ Tor‚,‚H˚˚G
`
H˚˚G X,H
˚˚
G Y
˘
.
If pi1BG “ pi0G “ 0 then the right sequence converges to H˚˚G pXˆYq. If pi1G is torsion-free as well, then
the left sequence converges to K˚GpX ˆYq, so the E8 page is
grK˚GpX ˆYq ÝÑ grH
˚˚
G pX ˆYq.
That the strong assumptions in Theorem K are natural is demonstated through the following
corollaries, which establish the structure theorem in all classes of cases where the isotropy action
is known to be equivariantly formal, except for those in which H is a circle.
Corollary 3.6. Let pG,Hq be a pair of compact, connected Lie groups such that pi1G is free abelian. If
RG ÝÑ RH is surjective, then there is a ring isomorphism
K˚HpG{Hq – RHbΛ pP.
Corollary 3.7. Let pG,Hq be a pair of compact, connected Lie groups such that pi1G is free abelian. If H
is of the same rank as G, then there is a ring isomorphism
K˚HpG{Hq – RH b
RG
RH.
Corollary 3.9. Let pG,Hq be a pair of compact, simply-connected Lie groups. If there is a continuous,
finite-order automorphism σ of G such that H is the identity component of its fixed point set, then
K˚HpG{Hq – RH b
RG
RHbΛ pP
Moreover,
K˚HpG{H;Qq – RH b
RG
RHbΛ pPbQ.
only if the groups are only assumed connected and pi1G free abelian.
The most general version of Theorem K we are able to state with rational coefficients is the
following:
Proposition 3.5. Let pG,Hq be a pair of compact, connected Lie groups such that pi1G is free abelian, H
is simply-connected, G{H is formal, and RpG;Qq ÝÑ RpH;QqNGpHq is surjective. Then there is a ring
isomorphism
K˚HpG{H;Qq – Tor
˚,˚
RGpRH, RHq bQ – RH bRG
RH bΛ pP b Q
where Λ pP “ im`K˚pG{Hq Ñ K˚G˘ and rkZ pP “ rkG´ rkK.
3Its proof relies essentially on a generalization of a theorem of Shiga and Takahashi was an-
nounced without proof in this paper’s predecessor [CF18, Rmk. 3.12], and for which a self-
contained proof appears in Appendix A.
Theorem S. Let pG,Kq be a pair of compact, connected Lie groups. The following are equivalent:
(1) K acts equivariantly formally on G{K;
(2) G{K is formal and H˚pBG;Qq ÝÑ H˚pBK;QqNGpKq is a surjection;
(3) pi0NGpKq acts on the space of indecomposables QH˚K as a reflection group and H
˚pBG;Qq ÝÑ
H˚pBK;QqNGpKq is a surjection;
(4) pi0NGpSq acts on the tangent space s to a maximal torus S of K as a reflection group and H˚pBG;Qq ÝÑ
H˚pBS;QqNGpSq is a surjection.
The earlier work of Fok also established the equivalence of equivariant formality with a
concept called weak equivariantly formality due to Harada–Landweber [HL07, Def. 4.1]; see Defini-
tion 4.2. This equivalence requires rational coefficients, but with the additional assumption pi1G
is free abelian, we can extend it over the integers.
Theorem W. Let G be a compact, connected Lie group, X a compact G-space, and k be a ring of character-
istic zero. If pi1G is not free abelian, assume additionally the common torsion primes of H˚pG;Zq and K˚X
are invertible in k. If K˚GpX; kq is finitely generated over RpG; kq and the forgetful map f : K
˚
GpX; kq ÝÑ
K˚pX; kq is surjective, then the action is k–weakly equivariantly formal.
Finally, in the prequel the structure theorem for H˚HpG{H;Qq in the case of equivariant for-
mality is stated in passing:
Theorem C. Let G be a compact, connected Lie group, and H a closed, connected subgroup such that the
action of H on G{H is equivariantly formal. Then there is a ring isomorphism
H˚HpG{H;Qq – H
˚BH b
H˚BG
H˚BH b Λ pP,
where Λ pP – im`H˚pG{H;Qq Ñ H˚pG;Qq˘ and H˚BH is an H˚BG-algebra through application of
H˚ ˝ B to the inclusion H ãÝÝÑ G.
This motivated Theorem K and indeed a version (with excess hypotheses) can be obtained
from it by completing. As a proof at present exists only in an unfinished book [Car15, Thm. 10.1.1],
we take the opportunity to include a demonstation in Appendix B.
The structure of the paper is as follows. In Section 2 we set up necessary terminology and
machinery, including the map of spectral sequences of Theorem 2.2. In Section 3, we prove Theo-
rem K and derive a number of special cases. Section 4 contains a consequent additional equivalent
characterization of equivariant formality and the proof of Theorem W. In Appendix A we prove
the enhanced Shiga–Takahashi theorem S and in Appendix B we prove Theorem C.
Acknowledgments. The author is grateful to Omar Antolín and Larry Smith for many helpful and
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42. Set-up; the map of spectral sequences
In all that follows, G will be a compact, connected Lie group. If H is a closed, connected
subgroup—as it always will be—then we call pG,Hq a compact, connected pair. The left mul-
tiplication action of H on G{H is the isotropy action.
We denote a universal principal G-bundle by EG Ñ BG and the homotopy orbit space of
a continuous action of G on a space X by XG :“ EGbG X “ EGˆX
L
peg, xq „ pe, gxq. For us,
cohomology will take rational coefficients by default, and we will more usually need to view it
as the product H˚˚ :“
ś
Hn rather than the coproduct H˚ :“
À
Hn of its graded components.
By definition, the Borel equivariant cohomology of a continuous action of G on a space X is the
singular cohomology H˚˚G X :“ H
˚˚XG of the homotopy orbit space. It will be convenient at times
to also write H˚˚G :“ H
˚˚
G p˚q “ H
˚˚BG for its coefficient ring and likewise H˚G “ H
˚
Gp˚q.
The equivariant K-theory K0GX of a G-space X is the additive Grothendieck group of the
semiring of G-equivariant vector bundles V Ñ X, bundles whose total space admits a G-action
such that the projection is equivariant. We set K´nG X “ K
0
GS
nX, where SnX is the n-fold unreduced
suspension; as with nonequivariant K-theory, Bott periodicity holds, and we can form a Z{2-
graded ring K˚GX :“ K
0
GX ‘ K
1
GX. For each characteristic-zero coefficient ring k there exists a
unique extension to an equivariant cohomology theory which on finite G–CW complexes is given
by K˚GpX; kq :“ K
˚
GXb k. An equivariant G-bundle over a single point ˚ is just a representation,
so K˚Gp˚q is the complex representation ring RG of G. This ring carries a canonical augmentation
ε : RG ÝÑ Z defined on representations by ρ ÞÑ dim ρ, whose kernel is written IG. We also write
RpG; kq “ RGb k, and IpG; kq – IGb k. The unique G-map X Ñ ˚ induces [AH61, §4.5] a map
RpG; kq ÝÑ K˚GpX; kq which makes K
˚
GpX; kq an algebra over RpG; kq just as H
˚˚
G X is an algebra
over H˚˚G . Forgetting the G-structure on a bundle induces a natural forgetful map [MM86]
f : K˚GX ÝÑ K
˚X.
Surjectivity of f b idQ : K˚GpX;Qq ÝÑ K
˚pX;Qq is called equivariant formality, and equiva-
lent [Fok17, Thm. 1.3][CF18, Thm. 5.6] to the map X ãÝÝÑ XG inducing a surjection in cohomology.
The principal tools for computing the related Borel equivariant cohomology ring H˚HpG{Hq
are the Serre spectral sequence of a fibration G Ñ GHˆH Ñ BH ˆ BH and the closely related
Eilenberg–Moore spectral sequence of the homotopy pullback square on the left in the following
figure—
GHˆH //

BH

pX ˆYqG //

YG

BH // BG XG // BG
(2.1)
—which is the special case X “ Y “ G{H of the square on the right. The Eilenberg–Moore spec-
tral sequence of the right square is the general Künneth spectral sequence in Borel equivariant
cohomology, and in our case the sequence collapses; in fact, H˚pG{H;Qq is isomorphic as a ring
to the E2 page.
The K-theoretic analogue is a Künneth spectral sequence with intended target K˚GpXˆYq, due
to Hodgkin [Hod75], beginning at E2 “ Tor
˚,˚
RGpK
˚
GX,K
˚
GYq. This sequence always converges, but
not usually to the indended target [Hod75, Thm. 5.1]. It does however converge to K˚GpX ˆYq if
5G is compact and connected with free abelian fundamental group [Hod75, Sna72, McL79]. In our
case, one applies the standard equivalences
K˚HpG{Hq “ K
˚
HpGb
G
G{Hq – K˚GˆHpGˆ G{Hq – K
˚
G
`
pG{Hq ˆ pG{Hq
˘
to see K˚HpG{Hq is the target of the Hodgkin–Künneth spectral sequence converging from E2 page
Tor˚,˚RG
`
K˚GpG{Hq, pK
˚
GpG{Hq
˘
– Tor˚,˚RGpRH, RHq which converges to the intended target under
the assumptions on G. To obtain an analogous collapse result, we compare the two spectral
sequences.
To conduct this comparison of Künneth spectral sequences, we need to analyze their con-
struction. , Whereas the original construction of the Eilenberg–Moore spectral sequence of that
square starts from the isomorphism H˚GpX ˆY;Zq – Tor
˚
C˚pBGq
`
C˚pXGq,C˚pYGq
˘
, requiring a no-
tion of “differential Tor” of a differential module over a dga, and proceeds through an algebraic
Künneth spectral sequence, an analogous construction in equivariant K-theory is unavailable
due to the general lack of a cochain-level model. A later method of constructing the Eilenberg–
Moore spectral sequence developed by Larry Smith [Smi70], based on ideas of himself, Hodgkin,
and Rector, navigates around this difficulty by proceeding first at the space level, constructing
a “geometric resolution” in an appropriate category of topological spaces and obtaining the al-
gebraic resolution through functoriality. Hodgkin showed these ideas apply to a broad class of
cohomology theories [Hod75, §1–6].
Construction 2.1. Let pC, ˚q be a pointed category with finite products and colimits, tensored
over pointed topological spaces.1 We can equip C with a notion of a homotopy of a morphism
f : X ÝÑ Y, given as a map Xb I` ÝÑ Y, and a notion of a cofiber, given as the pushout of Y Ð
X Ñ Xb I. Let h˚ be a reduced multiplicative cohomology theory on C, meaning a contravariant
(commutative graded ring)–valued homotopy functor h˚ “
À
nPZ h
n taking a cofiber sequence to
an exact sequence of groups and equipped with an element ς P h1
`
p˚ > ˚qb S1
˘
such that the map
h˚X „ÝÑ h˚`1pXb S1q given by the cross product with ς agrees with the suspension isomorphism
given by the cofiber sequence X Ñ Xb I Ñ Xb S1.
An object Z P C is called a Künneth space for h˚ if h˚Z is a finitely-generated projective
module over the coefficient ring h˚ :“ h˚p˚ > ˚q and the cross product h˚Zbh˚ h˚Y ÝÑ h˚pZ^Yq
is an isomorphism natural in Y. A geometric resolution of X with respect to h˚ is a sequence of
spaces
X “: X0 ÝÑ Z0 ÝÑ X1 ÝÑ Z1 ÝÑ X2 ÝÑ Z2 ÝÑ ¨ ¨ ¨
such that each Zj is a Künneth space, each h˚Zℓ ÝÑ h˚Xℓ is surjective, and each sequence
Xℓ
jℓ
ÝÑ Zℓ
kℓÝÑ Xℓ`1, (2.2)
is a cofiber sequence. Smashing (2.2) with Y yields further cofiber sequences, yielding long exact
sequences on applying h˚, and adding them gives an exact couple
À
h˚pXℓ ^Yq
δ //
À
h˚pXℓ`1 ^Yq
j
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝
À
h˚pZℓ ^Yq.
k
ZZ✻✻✻✻✻✻✻✻✻✻✻✻✻✻
1 For us a topological space means a compactly generated space homotopy equivalent to a CW complex.
6The Künneth spectral sequence for h˚ is the cohomological left-half-plane spectral sequence as-
sociated to this exact couple [Sna71, p. 283]. The composition jk : h˚pZℓ ^ Yq ÝÑ h˚pZℓ´1 ^ Yq
can be identified with h˚Zℓbh˚ h˚Y ÝÑ h˚Zℓ´1bh˚ h˚Y, by the Künneth property of the Zℓ, and
since we took k˚
ℓ
surjective, we can piece together the cohomology of the sequences (2.2) into an
h˚-module resolution of h˚X:
¨ ¨ ¨ Ñ h˚Z2 Ñ h˚Z1 Ñ h˚Z0 Ñ h˚X Ñ 0.
It follows the jk-cohomology of E1 “
À
h˚pZℓ^Yq is E2 “ Torh˚ph˚X, h˚Yq. The spectral sequence
strongly converges [Hod75, Thm. 5.1], but at this generality it is impossible to tell whether it is
to h˚pX ^Yq as hoped.
Smith [Smi70] showed this technique recovers the Eilenberg–Moore spectral sequence when
applied to the functor h˚pX Ñ Bq :“ rH˚X on the category Top{B of spaces over B, and Hodgkin
applied it to h˚ “ rK˚G on the category G-Top of G-spaces. To construct geometric resolutions
Hodgkin needed to prove there are “enough” Künneth spaces for K˚G. The Künneth spaces he
finds are the products of suspensions of complex Grassmannians Grpℓ,Vq for V a complex G-
representation [Hod75, Prop. 7.1].
To see there is a homomorphism of spectral sequences, we first need a natural transformation
from equivariant K-theory to Borel cohomology. This is given by the equivariant Chern character
chG : K˚G ÝÑ H
˚˚
G , defined on the class of an equivariant vector bundle V Ñ X by
K˚GX ÝÑ K
˚XG ÝÑ H
˚˚XG,
V ÞÝÑ EGb
G
V ÞÝÑ chpEGb
G
Vq
The first map is completion, by the theorem of Atiyah and Segal [AS69, Prop 4.2], and the second
the ordinary Chern character, which is an isomorphism on finite CW-complexes and so induces a
Z{2-graded natural ring isomorphism K˚pX;Qq ÝÑ H˚˚X in general. Particularly, we find [CF18,
Thm. 5.3] that chG induces isomorphisms
K˚GpX;Qqp „ÐÝ K˚GX bRG H˚˚G „ÝÑ H˚˚G X (2.3)
natural in finite G–CW complexes X.
If we now can see that these G-spaces Grpℓ,Vq are also Künneth spaces for H˚˚G p´;Qq, then
we may simultaneously take the same geometric resolution for both theories, and apply the
equivariant Chern character to these resolutions to induce a homomorphism of Künneth spectral
sequences. But it follows from (2.3) that any Künneth space for K˚G is also one for H
˚˚
G p´;Qq.
2
2 Alternately, one can prove directly that given a G-representation V, the G action on Y “ Grpℓ,Vq is equivariantly
formal (much easier than what Hodgkin had to do) which implies H˚˚G Y is free over H
˚˚
G , so that the Künneth
spectral sequence associated to the right square in (2.1) collapses to Künneth isomorphism. For this, let n “ dimC V
and H “ Upℓq ˆUpn´ ℓq. Then Grpℓ,Vq “ Upnq{H with the left multiplication action of G, and the action of G on
Upnq{H is equivariantly formal if and only if the map χ : Upnq{HÑ
`
Upnq{H
˘
G induces a surjection.
First, this is so if G “ Upnq, for then χ : G{H ÝÑ BH is the classifying map of the principal H-bundle G Ñ G{H,
and χ˚ is surjective since rkUpnq “ rkH “ n. Second, it is true if G ă Upnq since Upnq{H ÝÑ EUpnqbUpnqUpnq{H
factors through EUpnqbG Upnq{H. Finally, in general, let Γ ă Upnq be the image of G and NEG the ineffective kernel.
Then there is a free right action of Γ “ G{N on BN » EG{N, so EGbGUpnq{H « BNbΓ Upnq{H “
`
BNˆUpnq{H
˘
Γ
,
but Upnq{HÑ
`
Upnq{H
˘
Γ
factors through Upnq{HÑ
`
BNˆUpnq{H
˘
Γ
.
7Theorem 2.2. Let G be a compact Lie group. The equivariant Chern character chG : K˚G ÝÑ H
˚˚
G induces
a natural transformation of Künneth spectral sequences, viewed as functors on the category of pairs pX,Yq
of compact locally G-contractible G-spaces with finite covering dimension. The E2 page of this map is
Tor‚,‚RG
`
K˚GX,K
˚
GY
˘
ÝÑ Tor‚,‚H˚˚G
`
H˚˚G X,H
˚˚
G Y
˘
.
If pi1BG “ pi0G “ 0 then the right sequence converges to H˚˚G pXˆYq. If pi1G is torsion-free as well, then
the left sequence converges to K˚GpX ˆYq, so the E8 page is
grK˚GpX ˆYq ÝÑ grH
˚˚
G pX ˆYq.
Remark 2.3. The comparison of the Hodgkin–Künneth spectral sequence with more tractable
sequences has precedents. Hodgkin’s procedure applied to the theory pX Ñ BGq ÞÝÑ K˚X
on Top{BG yields a spectral sequence starting at E2 “ TorK˚BGpK
˚X,K˚Yq and converging to
K˚pXˆBGYqwhen pi1G is free abelian, and he uses it in an essential way in his convergence proof
(which in its original version only shows the K˚G sequence converges up to completion) [Hod75,
§8]. Snaith [Sna71, §5], without considering a map of Künneth spectral sequences, examines the
Atiyah–Hirzebruch spectral sequences H˚pXG;Zq ùñ K˚XG and H˚pBG;Zq ùñ K˚BG to show
that if H˚pBG;Zq and H˚pXG;Zq are torsion-free and the Eilenberg–Moore spectral sequence
Tor˚,˚H˚pBG;Zq
`
Z,H˚pXG;Zq
˘
ùñ H˚pX;Zq collapses, then so also does the Hodgkin–Künneth
spectral sequence Tor˚,˚RGpZ,K
˚
GXq ùñ K
˚X.
Remark 2.4. The demand on pi1G arises from the typical convergence of equivariant Künneth
sequence in K-theory to something other than K˚GpX ˆYq in the contrary case. Hodgkin demon-
strates this failure with two examples [Hod75, p. 68]. The first is G “ X “ Y “ Z{2, which has
E2 “ Tor˚RpZ{2qpZ,Zq “ H˚pBZ{2q equal to 0 in even positive degrees and Z{2 in odd degrees, and
collapses for lacunary reasons. On the other hand, K˚GpG ˆ Gq “ K
0pZ{2q “ Z2. The second is
G “ X “ Y “ SOp3q; here E2 “ Tor
˚,˚
RSOp3qpZ,Zq is an exterior algebra on one generator since
RSOp3q is a polynomial ring on one generator, but K˚GpGˆGq “ K
˚SOp3q contains 2-torsion.
Example 2.5. One could be forgiven for thinking from Hodgkin’s examples of bad convergence
(and the wording he uses) that the problem for a connected G lies solely with torsion: after all, the
Künneth spectral sequence in Borel cohomology requires G to be connected too, and cohomology
with Q coefficients is not very sensitive to torsion in pi1 (e.g., replacing pG,Hq with a connected
finite cover does not affect equivariant formality of the isotropy action [Car18, Thm. 1.2]). But
this hope is in vain.
Write G “ SOp3q and H “ T “ SOp2q, so that the isotropy action of H on X “ Y “ G{H “ S2
is the standard rotation of a globe. One would like to use the Künneth spectral sequence to
compute K˚TpG{Tq starting from
E2 “ Tor
˚,˚
RT
`
K˚GpG{Tq,K
˚
GpG{Tq
˘
– Tor˚,˚RSOp3q
`
RSOp2q, RSOp2q
˘
.
Writing t : SOp2q „ÝÑ Up1q for the standard representation, we have RSOp2q “ Zrt, t´1s and
RSOp3q –
`
RSOp2q
˘
WSOp3q “ Zrt ` t´1s, so particularly RSOp2q is a free module of rank 2 over
RSOp3q, say on 1 and t, and Tor˚ “ Tor0 is the tensor product RSOp2qbRSOp3q RSOp2q, free of
rank two over RSOp2q. Thus the Künneth spectral sequence must collapse. We have in general,
for G compact and connected and T its maximal torus, a sequence of maps [McL79, 1.4]
RT b
RG
RT λÝÑ K˚TpG{Tq
ι
ÝÑ K˚TW,
8where λ is the edge map of the spectral sequence—which is an isomorphism if the collapsed
sequence converges to K˚TpG{Tq—and ι is restriction to the fixed point set pG{Tq
T “ NGpTq{T “W
of the action. It is always the case that ι is an injection [McL79, Thm. 1.6], so to show λ is not an
isomorphism in the case at hand it will be enough to see the images of λ and λ ˝ ι differ.
We can calculate ι directly from the Mayer–Vietoris sequence corresponding to the cover of
S2 by invariant hemispheres meeting in an equatorial S1-orbit, since these each contract equiv-
ariantly to a fixed point. Since K1S1pS
1q “ K1S1p˚q “ 0, the sequence reduces to
0Ñ K0S1pS
2q
ι
ÝÑ RS1ˆ RS1 ÝÑ ZÑ 0,
where both maps RS1 ÝÑ Z are the augmentation. The kernel of their difference, im ι, is thus
given by pairs of virtual representation of equal dimension. Since tn for n P Z all are one-
dimensional, im ι admits the pairs ptm, tnq P RS1ˆ RS1 for n,m P Z as a Z-basis and the four pairs
pt˘1, 1q and p1, t˘1q as ring generators. On the other hand, λ takes
1b t ÞÝÑ
“
SOp3q b
SOp2q
CÑ SOp3q b
SOp2q
t0u
‰
,
tb 1 ÞÝÑ rS2 ˆCÑ S2s,
where SOp2q acts on the left of SOp3q in the first bundle and diagonally in the second.3 Orienting
S2 and restricting these bundles to their representations at the poles, we get respectively pt, tq and
pt, t´1q, showing im ι is of rank two over impι ˝ λq.
As these groups are all torsion-free and SOp3q is the simplest group that is connected with
fundamental group containing torsion, we see there is no hope of saving convergence by extend-
ing coefficients. This example also shows Theorem K fails, with arbitrary coefficients, without
the assumption pi1G be torsion-free.
Remark 2.6. The convergence proof is a series of reductions, which we present for those read-
ers with the stamina. This material will probably be omitted when we submit the paper but
is useful to see where the insistence on pi1G torsion-free comes from and alsoto motivate our
counterexample.
First, one sees the Hodgkin–Künneth spectral sequence converges to a colimit FpX,Yq :“
lim
ÝÑ
rK˚GpSpX`LXp ^Y`q, independent of the resolution chosen [Hod75, Thm. 5.1], which sits in an
exact triangle FpX,Yq Ñ K˚GpXˆYq Ñ ΓpX,Yq Ñ FpX,Yq, so we will be done when we show the
error term ΓpX,Yq “ lim
ÝÑ
rK˚GpXp ^Y`q vanishes identically. For this note [Hod75, p. 60f.] that for
fixed X, essentially because the same facts hold of K˚G, the functor Γ
X “ ΓpX,´q is a cohomology
theory in Y, continuous in the sense that for A Ď X closed, ΓXA is the colimit of ΓXB over
closed B Ě A. Writing pi : Y ÝÑ Y{G for the quotient maps, we have [Seg68b, Prop. 5.3] a Segal
spectral sequence E2 “ H˚pY{G; ΓXpi´1q ùñ ΓXY, where ΓXpi´1 denotes the sheaf with stalks
Γ
Xpi´1pyGq, and it follows that to show Γ “ 0 we need only show ΓXpG{Hq “ 0 for all X and all
closed H ă G. Applying the same argument to ΓG{H in turn, to conclude Γ “ 0 we only need to
see ΓpG{H,G{Kq “ 0 for all closed subgroups H,K ă G.
As a preliminary step, it will be important to show ΓpG,´q “ 0. Since pi1G “ 0, the short exact
sequence 1Ñ G1 Ñ G Ñ Gab Ñ 1 induces an unnatural decomposition RG – RG1b RGab, where
the first factor is a polynomial ring and the second a Laurent polynomial ring [Hod75, Prop. 11.1].
3 These expressions are less mysterious than they may seem. They come from expanding the definition of the
action of RHˆ RH on K˚HˆHG and the isomorphism K
˚
HˆHG
„
ÝÑ K˚HpG{Hq.
9The global dimension of such a ring is 1 ` rkG [Hod75, Cor. 11.2], so projective resolutions
are finite. It follows [Hod75, Lem. 8.5 et seq.] ΓpG,Yq is a quotient of rK˚GpX2`rkG ˆ Y,Yq, hence
finitely generated and discrete in the IG-adic topology [Hod75, p. 67]. The homotopy quotient
process X ÞÝÑ XG takes a geometric K˚G-resolution of X for K
˚
G to a geometric resolution of
XG for the theory pX Ñ BGq ÞÝÑ K˚X on Top{BG, since K
˚XG – K˚GpXqp, and for any Y P
Top{BG we have an exact triangle FpXG,Yq Ñ K
˚pXG ˆBG Yq Ñ ΓpXG,Yq, such that if Y “ YG
for some Y P G-Top, then ΓpXG,YGq – ΓpX,YqbRG pRG [Hod75, p. 64]. Because ΓpG,Yq is finitely
generated and discrete, we have ΓpEG,YGq – ΓpG,Yqp – ΓpG,Yq, so it is more than enough
to show the theory ΓpEG,´q is zero. For this we can apply the Dold theorem [Dodl70] that a
natural transformation e˚ ÝÑ f ˚ of additive cohomology theories on Top{BG is an isomorphism
if every map ˚ ÝÑ BG induces an isomorphism. Since BG is path-connected, any point will
do, so it is enough to check ΓpEG, ˚q “ ΓpEG, EGq “ ΓpG,Gqp “ ΓpG,Gq “ 0. For this, note
that the Laurent-tensor-polynomial structure on RG and the fact K˚G is an exterior algebra on
the primitives PK˚G lets us use the Koszul algebra RGbK˚G as an RG-resolution on G, since
Hodgkin’s natural transformation β : RG ÝÑ K1G defined by viewing a representation ρ as a
continuous map G Ñ Upnq ãÑ U,4 induces an isomorphism QRG „ÝÑ PK˚G [Hod67]. Then we
can calculate E2 “ Tor
˚,˚
RGpZ,Zq – K
˚G – K˚GpGˆGq, so that ΓpG,Gq “ 0 [Hod75, p. 85].
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For G “ T a torus, Snaith [Sna72, §2] is able to prove ΓpT{H1, T{H2q “ 0 for all closed
subgroups H1,H2 of T, using primarily the fact that ΓpT,´q “ 0 since pi1T is free abelian
and homological algebra with respect to specific resolutions that work due to the restricted
nature of subgroups of a torus. Appending subscripts to label the acting group, this shows
λT : FTp´,´q ÝÑ K˚Tp´ ˆ ´q is a natural isomorphism. Now Pittie [Pit72, Ste75] showed that
if pi1G is free abelian and T is the maximal torus of G, then RT is a free module over RG.
It follows in the Künneth spectral sequence for G acting on X “ Y “ G{T, we have col-
lapse at E2 “ Tor
˚,˚
RGpRT, RTq “ RTbRG RT. But McLeod [McL79] showed later, via mainly
Lie-theoretic methods, that the map λG : RTbRG RT Ñ K˚GpG{T ˆ G{Tq – K
˚
TpG{Tq from Ex-
ample 2.5 is an isomorphism if pi1G is free abelian. It follows from repeated application of the
tricks ZbT G « Z ˆ G{T and K˚GpZ ˆ G{Tq – K
˚
TZ for Z a G-space, using Pittie’s and McLeod’s
theorems, that a Künneth space for K˚G is also one for K
˚
T.
Consider a K˚G-resolution G{T Ñ Z0 Ñ Y1 Ñ ¨ ¨ ¨ of G{T. Now [Sna72, §3] since K
˚
TpG{Tq –
RTbRG K˚GpG{Tq by McLeod’s theorem and the Zn are Künneth spaces for T as well, by induction
G{T Ñ Z0 Ñ Y1 Ñ ¨ ¨ ¨ is also a K˚T-resolution. For a G-space Y, then, forgetting induces a
commutative square
FGpX,G{Tq
λG //

K˚GpX ˆ G{Tq

FTpX,G{Tq
λT // K˚TpX ˆ G{Tq.
We have seen λT is an isomorphism, and the inclusion T ãÑ G induces “index” retractions of
4 Geometrically, this is represented by the equivariant Cn bundle on the unreduced suspension SG “ CGYG CG
obtained by clutching two G-trivial bundles on the cone CG via ρ along the common copy of G.
5 This is a simplification; one needs to check that the map Tor1RGpZ,Zq Ñ FpG,Gq Ñ K
1
GpG ˆ Gq is actually the
abstract isomorphism cited.
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the vertical maps [Seg68b, Prop. 3.8][A68, Prop. 4.9], implying λG is an isomorphism as well in
this case. But K˚GpX ˆ G{Tq “ K
˚
TX and since RT is free over RG, we have a collapse E8 “ E2 “
Tor˚,˚RGpK
˚
GX, RTq “ K
˚
GXbRG RT “ gr FGpX,G{Tq, so we have proven that K
˚
TX – K
˚
GXbRG RT.
Now consider a resolution X Ñ Z0 Ñ X1 Ñ ¨ ¨ ¨ of any G-space X. Since K˚TX “ K
˚
GXbRG RT
and the Zn are Künneth spaces for T, by induction this is a T-resolution as well, so there is an
induced commutative square
FGpX,Yq
λG //

K˚GpX ˆYq

FTpX,Yq
λT // K˚TpX ˆYq.
But λT is an isomorphism and the index induces a retraction, so λG is as well.
3. Proof of the structure theorem
Now we apply the spectral sequence map of Theorem 2.2 to the specific case with X “ Y “ G{H.
The map of E2 pages is
Tor˚,˚RGpRH, RHq ÝÑ Tor
˚,˚
H˚˚G
pH˚˚H ,H
˚˚
H q
and that on E8 pages is
grK˚HpG{Hq ÝÑ grH
˚˚
H pG{Hq.
As noted in (2.3), these maps are induced by rational completion M ÞÑ MbQ ÞÑ pMbQqp with
respect to the augmentation ideal IGbQ. This behaves well with respect to cohomology.
Lemma 3.1. If G is a compact, connected Lie group, the composition of the following ring extensions is a
flat injection:
RG pRG pRGbQ RpG;Qqp „ÝÑ H˚˚G .
Proof. The penultimate map is a completion and the last map is (2.3) in the case X “ ˚. For
flatness, Q is flat over Z, so pRGbQ is flat over pRG, and RG ÝÑ pRG and pRGbQ ÝÑ ppRGbQqp
are flat extensions since RG is Noetherian [Seg68a, Cor. 3.3][AM69, Prop. 10.14] and hence pRG is
Noetherian [AM69, Thm. 10.14]. For injectivity, instead factor the sequence as RG Ñ RpG;Qq Ñ
RpG;Qqp. The first map is injective because RG is free abelian on the irreducible representations;
the second is the restriction to Weyl group invariants of the completion RpT;Qq ÝÑ RpT;Qqp,
which is the embeddingQrt˘11 , . . . , t
˘1
n s ãÝÝÑ Qrrt1´ 1, . . . , tn´ 1ss [AH61, Thm. 4.4, Prop. 4.3].
Remark 3.2. The sequence RG Ñ pRG „Ñ K˚BG Ñ H˚˚G was first discussed by Atiyah and Hirze-
bruch [AH61, §4.7]. The map K˚BGbQ ÝÑ H˚˚G is not already an isomorphism, morally because
Qrruss is much bigger than the subring Zrruss bQ of power series with coefficients of bounded
denominator. The isomorphism of (2.3) is weaker than might first appear; not only does it an-
nihilate torsion, but completion is so blunt an instrument that for example each of the three
rings RSUp3q – Zrx, ys and RPSUp3q – Zra, b, cs{pa3 ´ bcq and RT2 – Zrt˘1, u˘1s completes with
respect to its augmentation ideal to a power series ring in two indeterminates.
We use Lemma 3.1 to give a sufficient condition for the collapse of the Hodgkin–Künneth
spectral sequence of interest.
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Proposition 3.3. Let k be a subring of Q. If Tor˚,˚RGpRH, RHqb k ÝÑ Tor
˚,˚
RGpRH, RHqbRG H
˚˚
G is an
injection, then the Künneth spectral sequence Tor˚,˚RGpRH, RHqb k ùñ K
˚
HpG{H; kq collapses.
Proof. Since H˚˚G is flat over RG and H
˚˚
H is also the completion of RpH; kq with respect to
IpG; kq [Seg68a, Prop. 3.9], we have Tor˚,˚H˚˚G pH
˚˚
H ,H
˚˚
H q – Tor
˚,˚
RGpRH, RHqbRG H
˚˚
G , so the map
of E2 pages is itself a completion. (By induction, the map on each page is a completion.) By
assumption, this map is an injective cochain map, so as the target sequence collapses, the differ-
ential d2 is trivial and E2 “ E3.
Remark 3.4. This should not come as such a surprise. Minami proved [Min75, Thm. 2.1] that if
pG,Kq is a compact, connected pair with pi1G torsion-free, then the Künneth spectral sequence
converging to K˚pG{Kq collapses at E2 “ TorRGpZ, RKq and pursued this [Min75, Min76] to a
complete description of the K-theory of symmetric spaces G{K with pi1G “ 0.
In order to prove the collapse, then, we need to be able to evaluate the Tor.
Theorem K. Let pG,Hq be a pair of compact, connected Lie groups and k a subring of Q such that pi1G
is free abelian and the image of RpG; kq ÝÑ RpH; kq is a polynomial ring over which RpH; kq is a finite
free module. Then there is a ring isomorphism
K˚HpG{H; kq – Tor
˚,˚
RGpRH, RHqb k – RH bRG
RH bΛ pP b k,
where Λ pP – im`K˚pG{Hq Ñ K˚G˘ is an exterior algebra on rkZ pP “ rkG´ rkH generators and RH
is an RG-module by restriction of complex representations.
Proof. Set R :“ impRG Ñ RHqb k; by assumption we have an R-linear isomorphism RpH; kq –
Rn for some finite n. Since a polynomial ring is a free commutative algebra, there is a section
R ÝÑ RpG; kq which is an algebra map. Thus RpG; kq – Rb A, where A is a polynomial-tensor–
Laurent polynomial ring on a sequence of indecomposable elements in the kernel of RG ÝÑ RH.
Counting transcendence degrees over k, there are rkG´ rkH such elements. Now we have
Tor˚RGpRH, RHqb k – Tor
˚
Rbk ApR
n, Rnq – Rn b
R
Rn b
k
Λkr~zs
where ~z are generators of Tor-degree ´1 in bijection with the rkG ´ rkH generators of A. Note
that the non-exterior factor Rn
2
is just Tor0RGpRH, RHqb k – RHbRG RHb k and this is free
over RpH; kq – Rn, so completion in the IpG; kq-adic topology, which agrees with the IpH; kq-
adic [Seg68a, Prop. 3.9] is injective. Thus Proposition 3.3 applies.
We now have at least an isomorphism of filtered vector spaces between K˚HpG{H; kq and
Tor˚,˚RGpRH, RHqb k, which we want to promote to a ring isomorphism. To this end note that the
G-map G{H ÝÑ ˚ induces a map of spectral sequences from our Künneth spectral sequence
to a Künneth spectral sequence E2 “ TorRGpZ,Zq ùñ K˚G. Hodgkin showed E2 is already
isomorphic to K˚G as an algebra [Hod67][Hod75, p. 85f.], so choosing a section from the image
of K˚HpG{Hq
„
ÝÑ K˚HˆHG Ñ K
˚G gives an isomorphism between the exterior tensor factors of
Tor˚,˚RGpRH, RHqb k and K
˚
HpG{H; kq. It remains to show the complementary tensor factors are
isomorphic. The natural candidate map is
λ : RH b
RG
RH ÝÑ K˚HˆHG
„
ÝÑ K˚HpG{Hq,
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induced by G ÝÑ ˚. To see this is the correct choice, consider the diagram
RH b
RG
RH // //
λ

TorH˚˚BGpH˚˚BH,H˚˚BHq
„
 
K˚HpG{Hq // // H
˚˚
H pG{Hq
„ // TorC˚˚BGpC˚˚BH,C˚˚BHq.
The first pair of horizontal maps is from (2.3) as usual, the isomorphism on the bottom is estab-
lished in the original construction of the Eilenberg–Moore spectral sequence [Smi67, Prop. 3.4],
and the vertical map on the right is a consequence of the existence of a dga quasi-isomorphism
pH˚BG, 0q ÝÑ C˚BG, where C˚BG is the rational cochain algebra of the Segal version of BG (the
geometric realization of the nerve of the one-object topological category G) [Fra06, Prop. 1.3],6
since such maps already induce an isomorphism on the E2 pages of the algebraic Eilenberg–
Moore spectral sequence [Bau62, Cor. 1.2.3]. Restricting to the non-exterior factors, we see that
completing our candidate map leads to an isomorphism. Since both completions are injective, it
follows λ is an isomorphism onto the nonexterior factor of K˚HpG{H; kq.
Proposition 3.5. Let pG,Hq be a pair of compact, connected Lie groups such that pi1G is free abelian, H
is simply-connected, G{H is formal, and RpG;Qq ÝÑ RpH;QqNGpHq is surjective. Then there is a ring
isomorphism
K˚HpG{H;Qq – Tor
˚,˚
RGpRH, RHq bQ – RH bRG
RH bΛ pP b Q
where Λ pP “ im`K˚pG{Hq Ñ K˚G˘ and rkZ pP “ rkG´ rkK.
Proof. The last two conditions guarantee the action of H on G{H is equivariantly formal [CF18,
Thm. 1.4], so by Theorem A.8 one knows H˚H bH˚G Q “ H
˚˚
H bH˚˚G
Q is a complete intersection
ring. But by (2.3), this is canonically isomorphic to
H˚˚H b
H˚˚G
Q – RpH;Qq b
RpG;Qq
H˚˚G b
H˚˚G
Q – RpH;Qq b
RpG;Qq
Q. (3.1)
As H is simply-connected, RH is a polynomial ring, so the Chevalley–Shephard–Todd theorem
A.13 implies that RpH;Qq is free over R “ RpH;QqNGpHq, which is then a polynomial ring on the
same number of generators [Smi95, Cor. 6.4.4]. Now apply Theorem K with k “ Q.
A number of well-studied special cases follow immediately.
Corollary 3.6. Let pG,Hq be a pair of compact, connected Lie groups such that pi1G is free abelian. If
RG ÝÑ RH is surjective, then there is a ring isomorphism
K˚HpG{Hq – RHbΛ pP.
Proof. Note we only needed the assumption pi1H “ 0 and rational coefficients in the proof of
Theorem K to guarantee RH was free over impRG Ñ RHq, so that Tor˚RGpRH, RHq would be
free over RH and completion would be injective. But in this case we already see the Tor is
pRHbRG RHqbΛ pP “ RHbΛ pP. As this is free abelian, there is no extension problem even
integrally.
6 This holds even integrally, but since we are working rationally we could also use polynomial differential forms
APL, which are commutative, making the existence of a quasi-isomorphism pH˚BG, 0q
„
ãÝÝÑ APLpBGq automatic.
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Corollary 3.7. Let pG,Hq be a pair of compact, connected Lie groups such that pi1G is free abelian. If H
is of the same rank as G, then there is a ring isomorphism
K˚HpG{Hq – RH b
RG
RH.
Proof. Since the action of H on G{H is equivariantly formal in this case as well [Bri98, Prop. 1(iii)],
the again result falls out of Theorem K rationally if we additionally assume pi1H “ 0. Let T
be a maximal torus and write W for a Weyl group. Restriction induces natural isomorphisms
RG – pRTqWG and RH – pRTqWH, so since WH is a reflection subgroup ofWH, it follows [Ste75,
Thm. 2.2] that RH is free over RG. Now apply Theorem K.
Remark 3.8. This is definitely known. Recall McLeod’s result that if pi1G is free abelian, then
K˚TpG{Tq – K
˚
TˆTG – RTbRG RT and the corollaries that (1) K
˚
TX – RTbRG K
˚
GX and (2) if K
˚
TX
is free over RT, then even if pi1G has torsion, K˚GX – K
˚
TpXq
W [Sna72, §3][McL79, Thm. 4.4]. One
finds first
K˚HpG{Tq – K
˚
TpG{Tq
WH – pRT b
RG
RTqWH – RH b
RG
RT – K˚TpG{Hq,
and since this is also free over RT,
K˚HpG{Hq – K
˚
TpG{Hq
WH – pRT b
RG
RHqWH – RH b
RG
RH.
Corollary 3.9. Let pG,Hq be a pair of compact, simply-connected Lie groups. If there is a continuous,
finite-order automorphism σ of G such that H is the identity component of its fixed point set, then
K˚HpG{Hq – RH b
RG
RHbΛ pP
Moreover,
K˚HpG{H;Qq – RH b
RG
RHbΛ pPbQ.
only if the groups are only assumed connected and pi1G free abelian.
Proof. Again, the action of H on G{H is equivariantly formal [GN16][CF18, Prop. 7.9], so the
rational result falls out of Proposition 3.5. Otherwise, recall [FH91, Prop. D.40] that every auto-
morphism of a simple Lie group G is conjugate to one of the form τb ct, where τ is induced
by an automorphism of the Dynkin diagram of G with respect to a maximal torus T and ct is
conjugation by an element of this torus. We assume σ is of this form. It is not hard to see that
K “ pGxτyq0 shares a maximal torus S with H [GN16, §4] . We first show K˚KpG{Kq is of the
claimed form. Once we have shown this, the result in general will follow because [Sna72, (3.3),
p. 176][McL79]
K˚SpG{Sq – K
˚
SˆSG – RpSˆ Sq b
RpKˆKq
K˚KˆKG – RS b
RG
RSbΛ pP,
and then as in Remark 3.8 one recovers K˚HpG{Hq – RHbRG RHbΛ pP, as claimed.
We will show that in all these cases RG ÝÑ RK is surjective and RK is polynomial, so that
the formula for K follows from Corollary 3.6. First note that if K is simply-connected, then RK
is a polynomial ring on the fundamental representations corresponding to a system of simple
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roots. The Dynkin diagram of K with respect to S is the quotient of the Dynkin diagram of G
with respect to T by the cyclic subgroup generated by a diagram automorpism. As vertices of
each Dynkin diagram correspond to a system of simple roots, surjectivity of RG ÝÑ RK follows.
This actually covers almost everything, as the classification of Dynkin diagram automorphisms
for simple Lie groups comprises three and a half cases: the triality automorphism of D4 gives`
Spinp8q,G2
˘
, the reflection of Dn for n ě 4 gives
`
Spinp2nq, Spinp2n ´ 1q
˘
, and the reflections
of A2n´1 and A2n respectively give
`
SUp2nq, Sppnq
˘
and
`
SUp2n ` 1q, SOp2n ` 1q
˘
. All of the K
are simply-connected except for SOp2n` 1q, but in this half-case, recall [BtD85, §VI.5.4, p. 272–3]
that RSOp2n` 1q is polynomial on exterior powers of the defining representation SOp2n` 1q Ñ
AutRR
2n`1 Ñ AutCC
2n`1, which restricts from the defining representation of SUp2n` 1q.
Remark 3.10. Without the simplification trading the automorphism for a diagram automorphism,
the proof is significantly more complicated, and we do not know how we would compute the
Tor directly. For an example, compare the formulae in Minami’s computation of K˚pG{Hq in the
other cases [Min76, e.g., Lem. 5.2] and imagine the relations not in RHbRG Z but in RHbRG RH.
It is not at all obvious from this description things simplify as much as they do.
Example 3.11. There is one remaining class of pairs pG,Hq for which equivariantly formal of the
isotropy action is characterized in a computationally tractable way. If H is a circle, the isotropy
action is equivariantly formal if and only if either pi1H ÝÑ pi1G is injective or (these options are
exclusive) there is an element g P G such that conjugation by g induces the nontrivial automor-
phism h ÞÝÑ h´1 of H.
In the former case, Corollary 3.6 applies after inverting the order ℓ of the center of the com-
mutator group G1, since the composition H ãÑ G G{G1 “ Gab is then at most ℓ-to-one, so
RpGabqr1{ℓs ÝÑ RpH;Qqr1{ℓs and hence RpGqr1{ℓs ÝÑ RpH;Qqr1{ℓs are surjective. (Consider the
diagonal circle group in Up2q to see this inversion is necessary.)
In the latter case, it is possible that RH is not free over the image of RG ÝÑ RH, so the current
proof cannot be adapted to handle this case. For example, [CF18, Ex. 7.18], for G “ SUp4q and
H “ diagpz, z´1, z2, z´2q, the image of RG ÝÑ RH is a polynomial ring in two indeterminates,
over which the Laurent polynomial ring RH – Zrt, t´1s could not possibly be free.
4. Equivariant formality and torsion
As mentioned already in the introduction, equivariant formality for rationalized K-theory and for
Borel cohomology are the same phenomenon [Fok17] and there are by now many equivalent for-
mulations [CF18]. In this section, we add yet another and explore to what extent the equivalence
with weak formality, to be discussed, can survive with more general coefficients.
Corollary 4.1. Let pG,Hq be a pair of compact, connected Lie groups such that pi1G is free abelian. Then
H acts equivariantly formally on G{H if and only if the map
Toridpε, idq : Tor
˚,˚
RGpRH, RHqbQ ÝÑ Tor
˚,˚
RGpZ, RHqbQ
is surjective.
Proof. Since the IG-adic and IK-adic topologies on RK agree [Seg68a, Prop. 3.9], applying the
flat extension ´bRG H˚˚G to Toridpε, idq gives Tor
˚,˚
H˚˚G
pH˚˚H ,H
˚˚
H q ÝÑ Tor
˚,˚
H˚˚G
pQ,H˚˚H q. By the col-
lapse of the Eilenberg–Moore spectral sequence on the left in (2.1), this is a way of writing
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H˚˚H pG{Hq ÝÑ H
˚pG{Hq, yielding the forward implication. For the reverse, note that under
the hypothesis on G, the map in question is the E2 page of a map of Hodgkin–Künneth spec-
tral sequences converging to K˚HpG{Hq ÝÑ K
˚pG{Hq. The sequence converging to K˚pG{Hq –
TorRGpZ, RHq always collapses, so since the E8 page of the other sequence is a subquotient of
the E2 page, if K˚HpG{HqbQ ÝÑ K
˚pG{HqbQ is surjective, then a fortiori so is Toridpε, idq.
There is now yet another form of equivariant formality to discuss. Note that the augmentation
ideal IG is generated by differences ρ´ dim ρ, so that the image of IG under the structure map
RG ÝÑ K˚GX lies in the kernel of the forgetful map f : K
˚
GX ÝÑ K
˚X. Thus f thus factors through
the quotient K˚GX
LL
RG “ K˚GXbRG Z, where ε provides the RG-module structure on Z, and we
have a diagram
RpGq // K˚GX
f
//
&& &&▼▼
▼▼▼
▼
K˚X
K˚GX {{RpGq
f¯
88qqqqqq
(4.1)
analogous to the cohomology H˚G Ñ H
˚
GX Ñ H
˚X of the Borel fibration. Harada and Landweber
observe [HL07, Prop. 4.2] that f is surjective if and only if f¯ is, and moreover that if f¯ is an
isomorphism, then f is surjective with kernel IG ¨ K˚GX, making the following definition.
Definition 4.2 ([HL07, Def. 4.1]). Let k be a ring. A G-action on a space X is k–weakly equivari-
antly formal if the forgetful map induces an isomorphism
K˚GpX; kq
LL
RpG; kq ÝÑ K
˚pX; kq.
We simply say the action is weakly equivariantly formal in the case k “ Z.
Thus by definition k–weak equivariantly formality for k ď Q implies equivariant formality in
our sense. Fok has shown that in fact Q–weak equivariantly formality is equivalent to equivariant
formality [Fok17][CF18, Thm. 5.6]. Some things are known integrally as well; for example, if pi1G
is free abelian, we are able to replace G with its maximal torus. Here are two known results in
that direction.
Lemma 4.3 ([HL07, Lem. 4.4]). Let a compact, connected Lie group G with maximal torus T act on a
finite CW complex X, and suppose pi1G is torsion-free. Then the G-action on X is weakly equivariantly
formal if and only if the T-action is.
Theorem 4.4 ([MM86, Thm. 5]). Given a compact, connected Lie group G with maximal torus T there
exists a positive integer m such that for any compact G-space X such that K˚GX is a finite RG-module, if
K˚TX ÝÑ K
˚X is surjective, then the image of K˚GX ÝÑ K
˚X contains m ¨ K˚X. If pi1G is torsion-free,
then m “ 1.
We can add to them the following strengthening of the rational statement.
Theorem W. Let G be a compact, connected Lie group, X a compact G-space, and k be a ring of character-
istic zero. If pi1G is not free abelian, assume additionally the common torsion primes of H˚pG;Zq and K˚X
are invertible in k. If K˚GpX; kq is finitely generated over RpG; kq and the forgetful map f : K
˚
GpX; kq ÝÑ
K˚pX; kq is surjective, then the action is k–weakly equivariantly formal.
Particularly, if pi1G is torsion-free, then surjectivity of f implies weak equivariant formality.
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Proof. We will show the kernel of f is generated by I “ IpG; kq by first reasoning about its
completion. Recall that the map V ÞÝÑ EGbG V : K˚GX ÝÑ K
˚XG to Borel equivariant K-theory
may be identified with completion at IG by the theorem of Atiyah and Segal [AS69, Cor. 2.2]. As
the kernel
Ş`
In ¨K˚GpX; kq
˘
of the completion map is contained in I ¨K˚GpX; kq, which is contained
in the kernel of the forgetful map K˚GX ÝÑ K
˚X, the forgetful map factors through pK˚GXqp –
K˚XG. Thus we get a surjective factor pf : KpXG; kq ÝÑ K˚pX; kq of the forgetful map, and we will
first show ker pf is generated by the image of ĂK˚pBG; kq “ pI.
The K˚pBG; kq-structure in question is induced from the Borel fibration X Ñ XG
ξ
Ñ BG. We
want to analyze the Atiyah–Hirzebruch–Leray–Serre spectral sequence E‚pξq of this bundle, but
it is not automatically known to converge since BG is noncompact, so we proceed through finite
approximations. Select a CW structure on BG [Mil56, Thm. 5.1], letting BnG be its n-skeleta and
EnG their preimages in EG so that pEnG Ñ BnGq is a sequence of compact principal G-bundles
colimiting to EG Ñ BG. Take B´1G “ ∅ by convention and B0G “ ˚ to be the basepoint.
Then ξn : Xn,G :“ EnGbG X Ñ BnG are X-bundles colimiting to ξ, and the fiber inclusion X “
X0,G ãÑ XG factors through each Xn,G. We will eventually take a limit, but for now, fix n, relax,
and consider the Atiyah–Hirzebruch–Leray–Serre spectral sequence E‚pξnq. This sequence has
E2pξnq “ H˚
`
BnG;K˚pX; kq
˘
because pi1BG “ pi0G “ 0, and because BnG is compact, converges
to K˚pXn,G; kq [DK01, Thm. 9.22]. The composite
K˚pXn,G; kq E0,‚8 pξnq ãÝÝÑ E
0,‚
2 pξnq “ H
0
`
BnG;K˚pX; kq
˘ „
ÝÑ K˚pX; kq
is the fiber restriction, which is surjective as it factors pf . Thus all differentials originating in the
left column E0,‚‚ pξnq vanish.
At this point, if pi1G is free abelian, consider a maximal torus T of G. The forgetful map,
assumed surjective, factors through K˚TpX; kq ÝÑ K
˚pX; kq, which must then be surjective as well.
By Lemma 4.3, if this restricted T-action is k–weakly equivariantly formal, then so also is the
original G-action, so for the purpose of proving k–weak equivariantly formality, we may replace
G with T.
If we view the horizontal maps in the square
Xn,G
ξn //
ξn

BnG
id

BnG
id
// BnG
as a bundle map, we may consider the associated homomorphism of Atiyah–Hirzebruch–Leray–
Serre spectral sequences. That of the right bundle is just the Atiyah–Hirzebruch spectral se-
quence E‚pidBnGq starting with E2pidBnGq “ H
˚pBnG; kq and converging to K˚pBnG; kq. Because
the differentials on the left column vanish, we can hope the bundle map pξn, idBnGq induces an
isomorphism of spectral sequences E‚pidBnGqbk K
˚pX; kq „ÝÑ E‚pξnq.
If G “ T is a torus, then E2pidBnTq “ H
˚pBnG;Zq is torsion-free, so E2pξnq – H˚pBnT;ZqbK˚X.
As E‚pidBnTq collapses [AH61, Thm. 2.4] and the differentials of E‚pξnq are derivations, the se-
quence collapses and the isomorphism perists. If pi1G is not free abelian, then by the assump-
tion on k we have Tor´1k
`
H˚pBnG; kq,K˚pX; kq
˘
“ 0 since H˚pBG;Zq has p-torsion if and only if
H˚pG;Zq does and the torsion of H˚pBnG;Zq is a subgroup of that of H˚pBG;Zq. Thus by the uni-
versal coefficient theorem, we have E2pξnq – H˚pBnG; kqbk K˚pX; kq. Moreover, the set of primes
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pwhich are torsion for ErpidBnGq and for im dr only decreases with r since rationally the series col-
lapses, so the image of each dr is itself torsion [Goo17]. It follows Tor´1k
`
ErpidBnGq,K
˚pX; kq
˘
“ 0
This is just the condition necessary to imply Er`1pidBnGqbk K
˚pX; kq ÝÑ Er`1pξnq by the universal
coefficient theorem. Either way, E8pξnq – K˚pBnG; kqbk K˚pX; kq as a K˚pBnG; kq-module so the
kernel of the surjection E8pξnq ÝÑ K˚pX; kq is the ideal generated by the image of rK˚pBnG; kq.
We now consider the spectral sequence E‚pξq. We were not sure a priori it converged, but the
inclusions BnG ãÝÝÑ BG induce a coherent system of maps E‚pξq ÝÑ E‚pξnq. Since
`
K˚pBnG; kq
˘
and
`
K˚pXn,G; kq
˘
satisfy the Mittäg–Leffler criterion [AS69, Cor. 2.4], the lim
ÐÝ
1 terms in the Mil-
nor exact sequences [Mil62, Lem. 2] vanish, so it follows that K˚pBG; kq – limÐÝK
˚pBnG; kq, that
K˚pXG; kq – limÐÝK
˚pXn,G; kq, and that E‚pξq – limÐÝE‚pξnq. From this it follows in turn that E‚pξq
does converge, that since K˚pX; kq is a finite k-module
E8pξq “ limÐÝE8pξnq – limÐÝK
˚pBnG; kq b
k
K˚pX; kq – K˚pBG; kq b
k
K˚pX; kq (4.2)
as a K˚pBG; kq-module, and that the kernel of E8pξq ÝÑ K˚pX; kq is generated by pI “ rK˚pBG; kq.
To now show the kernel of pf : K˚pXG; kq ÝÑ K˚pX; kq is generated by pI, recall the filtration of
K˚pXG; kq figuring in the spectral sequence is given by Fp :“ ker
`
K˚pXG; kq ÝÑ K˚pξ´1Bp´1G; kq
˘
.
Since B0G is the basepoint, we may identify pf with F0 ÝÑ F0{F1, and the claim is then that the
inclusion pI ¨K˚pXG; kq ãÝÝÑ F1 is surjective. But from the K˚pBG; kq-module isomorphism (4.2), we
have
rK˚pBnG; kq ¨ź
pě0
Fp
Fp`1
“ rK˚pBnG; kq b
k
K˚pX; kq “
ź
pě0
Fp`1
Fp`2
.
Since the action of K˚pBG; kq on E8pξq “ grK˚pXG; kq is induced from that on K˚pXG; kq itself, it
follows that for each p ě 1 we have
pI ¨ Fp ” Fp`1 pmod Fp`2q
and by iterated substitution,
F1 “ pI ¨ F0 ` F2
“ pI ¨ F0 ` ppI ¨ F1 ` F3q
“ pI ¨ F0 ` `pI ¨ F1 ` ppI ¨ F2 ` F4q˘
“ pI ¨ F0 `
´pI ¨ F1 ` `pI ¨ F2 ` ppI ¨ F3 ` F5q˘¯
“ ¨ ¨ ¨ .
Thus F1 “ pI ¨ F0 ` Fp for arbitrarily high p. As the F‚-topology on K˚pXG; kq is the same as thepI-adic topology [AS69, Cor. 2.3], some Fp is contained in pI, so ker pf “ F1 is generated by pI.
Finally, before completion, write b “ ker f , which we recall contains a :“ I ¨ K˚GpX; kq. Since
I-adic completion is exact on finite RpG; kq-modules [AM69, Props. 10.13,15], applying it to the
short exact sequence 0 Ñ b Ñ K˚GpX; kq Ñ K
˚pX; kq Ñ 0, and recalling ker pf “ pI ¨ K˚pXG; kq “ pa,
we see pb “ pa. So completing the sequence 0 Ñ a Ñ b Ñ b{a Ñ 0, we see pb{aqp “ 0; but the
kernel of the completion map b{aÑ pb{aqp “ 0 is
č`
In ¨ b
L
a
˘
ď I ¨
´
b
L
I ¨ K˚GpX; kq
¯
“ 0,
so b{a “ 0 and ker f “ b “ a “ I ¨ K˚GpX; kq.
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Remarks 4.5. (a) Harada and Landweber chose the name weak equivariant formality because equiv-
ariant formality in equivariant cohomology is equivalent to the collapse of the Serre spectral
sequence of the Borel fibration X Ñ XG Ñ EG, which implies the strong condition that H˚GX –
H˚GbQ H
˚X is a free H˚G-module. This is equivalent to the collapse of the Atiyah–Hirzebruch–
Leray–Serre spectral sequence with rational coefficients, by the Chern character isomorphism,
but by Example 4.6, we cannot say anything similarly strong for K˚GpX; kq, at least without the
assumption on pi1G. We can however get a similar result for K˚GpX; kqp “ K˚pXG; kq by a Leray–
Hirsch style argument for k ă Q such that K˚pX; kq is a free a k-module.
(b) Harada and Landweber note that weak equivariantly formality is equivalent to the edge
map K˚GXbRG Z ÝÑ K
˚X of the Hodgkin–Künneth spectral sequence Tor˚,˚RGpZ,K
˚
GXq ùñ K
˚X
being an isomorphism, and note that if pi1G is torsion-free, one can certainly guarantee this (and
collapse) by assuming Torď´1 vanishes [HL07, Prop. 4.4]. The combination of Theorem W and
any instance of Theorem K with rkH ă rkG (e.g., Corollaries 3.6 and 3.9) shows this sufficient
condition is not necessary.
Example 4.6. One is tempted to analogize from Borel cohomology that K˚GpX; kq ÝÑ K
˚pX; kq
surjective implies K˚GpX; kq is free over RpG; kq. This would certainly simplify the proof of The-
orem W. One reason not to yield to this temptation is as follows. Let T be a maximal torus of
G “ PSUp3q and consider the transitive action of G on G{T. The induced map H˚T ÝÑ H
˚pG{Tq
is surjective with image H˚T bH˚G Q by Theorem A.8 because rk T “ rkG, but by (3.1), this is
RTbRGQ – K˚pG{T;Qq, so it follows K˚GpG{T;Qq – RpT;Qq Ñ K
˚pG{T;Qq is surjective. But
RTbQ is not free over RPSUp3qbQ. (Note however that α : RT ÝÑ K˚
`
PSUp3q{T
˘
is not surjec-
tive integrally [MM86, Thm. 6].)
A. The theorem of Shiga and Takahashi
In the proof of Proposition 3.5 we will need a modification, which was announced without proof
in the prequel [CF18, Rmk. 3.12], of a theorem of Shiga–Takahashi [ST95]. We produce such a
proof here.
Definition A.1. If pG,Kq is a compact, connected pair such that the isotropy action of K on
G{K is equivariantly formal we will for brevity call the pair pG,Kq isotropy-formal. If G{K is
formal, we will call the pair pG,Kq formal. Note that BK “ EG{K admits a right NGpKq-action
given by eK ¨ n “ enK and BG “ EG{G admits a trivial NGpKq-action making the quotient map
BK ÝÑ BG equivariant. It follows the ring map H˚G ÝÑ H
˚
K is also equivariant, so its image lies in
the invariant subring HNK :“ pH
˚
Kq
NGpKq. This trivial observation explains our odd obsession with
invariant subrings. Because the action of the identity component of NGpKq on BK is homotopically
trivial, the group effectively acting on H˚K is the component group N :“ pi0NGpKq.
The original Shiga–Takahashi theorem is the following:
Theorem A.2 ([Shi96, Thm. A, Prop. 4.1][ST95, Thm. 2.2]). If pG,Kq is a formal pair and H˚G ÝÑ H
N
K
is surjective, then pG,Kq is isotropy-formal. If pG, Sq is a formal pair where S is a torus containing regular
elements of G, then pG, Sq is isotropy-formal if and only if H˚G ÝÑ H
N
S is surjective.
The proof of the forward implication in the original proof of this result is somewhat obscure
and deserves some amplification. It turns out the proof of the backward direction can be finessed
into an equivalence. In fact, we will show the following, and then derive further consequences:
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Theorem A.3. Let pG,Kq be a formal pair. Then pG,Kq is isotropy-formal if and only if ρ˚ : H˚G ÝÑ H
N
K
is surjective.
To get there, we will cite a few lemmas about equivariant formality of an isotropy action,
formality, and classical invariant theory.
Lemma A.4 ([Goe12, Prop. 3.1, p. 81]). A compact, connected pair (G,K) is isotropy-formal if and only
if dimQ H˚pG{Kq “ |N| ¨ 2rkG´rkK.
Theorem A.5 ([Car18, Thm. 1.1]). If pG,Kq is a compact, connected pair and S any maximal torus of K,
then pG,Kq is isotropy-formal if and only if pG, Sq is.
Lemma A.6 ([Oni94, Rmk., p. 212][Car15, Prop. 7.4.10]). If pG,Kq is a compact, connected pair and S
a maximal torus of K, then G{K is formal if and only if G{S is.
Theorem A.7 ([CF18, Thm. A]). Let pG,Kq be an isotropy-formal pair. Then G{K is formal.
Formality itself admits the following formulation for homogeneous spaces, where we write
Aě1 for the augmentation ideal in a connected graded algebra A and given a map f : A ÝÑ B of
connected graded algebras, set B {{ A :“ B{ f pAě1qB.
Theorem A.8 ([GHV76, Thm. IV, p. 463][Car15, Thms. 7.4.7,8]). Let pG,Kq be a compact, connected
pair. Then G{K is formal if and only if there is an isomorphism
H˚pG{Kq – H˚K {{H
˚
G bΛ
pP,
where the exterior factor Λ pP is generated by a vector subspace pP of dimension rkG´ rkK and the ideal
generated by impHě1G Ñ H
˚
Kq can be generated by a regular sequence of elements of this image, if and only
if H˚K {{H
˚
G is a complete intersection ring.
Very briefly, the relevance of the rings in Theorem A.8 is that K Ñ G Ñ G{K Ñ BK Ñ BG is
a fiber sequence and G{K is the pullback of BK Ñ BG Ð EG up to homotopy, allowing one to
identify H˚pG{Kq with the cohomology of a cdga H˚KbH
˚G “ H˚K bH˚G pH
˚
GbH
˚Gq, where H˚K
has zero differential and H˚GbH
˚G is a Koszul algebra modeling EG.7
Definition A.9. Let F be a field and A a commutative unital F-algebra. A Noether normalization
of A is a polynomial subring B “ Fr f1, . . . , fns of A such that B is a finite A-module. Such a
sequence ~f “ p f1, . . . , fnq is called a system of parameters for A. Given a finite-dimensional
representation V of a finite group Γ over F, the ring FrVs of polynomial functions V ÝÑ F
naturally inherits a Γ-action by ring automorphisms. We grade FrVs by setting |v˚| “ 1 for
v˚ P HomFpV,Fq and write |Γ| as well for the order of Γ. A pseudoreflection group Γ ă AutF V is
a subgroup generated by elements fixing codimension-one subspaces.
Proposition A.10 ([Smi95, Prop. 5.5.5]). Let V be a finite-dimensional representation over a field F of a
finite group Γ. If FrVsΓ contains a system of parameters ~f such that
ś
| f j| “ |Γ|, then FrVsΓ “ Fr~f s.
Proposition A.11 ([Kan94, p. 87 after Def.]). Let V be a faithful finite-dimensional representation over
a field F of a finite group Γ. Then dimF
`
FrVs {{FrVsΓ
˘
ě |Γ|, with equality if and only if the image of Γ
is a pseudoreflection group.
7 This pullback argument is due to Borel’s thesis [Bor53, Thm. 25.2], the model to Cartan [Cart51, Thm. 5, p. 216].
We will meet a generalization to a model for pG{HqH in the next appendix.
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Recall by contrast that if ~f is a regular sequence of length dimV in FrVs, then
dimF FrVs {{Fr~f s “
ź
| f j|. (A.1)
This is because if d is the left-hand side, then FrVs is free of rank d over Fr~f s. The Poincaré series
of FrVs and Fr~f s are respectively p1 ´ tq´n “ p1 ` t ` t2 ` ¨ ¨ ¨ qn and
ś
p1´ t| f j|q´1, so d is the
polynomial
ś
p1´ t| f j|q{p1´ tq´n evaluated at t “ 1.
Lemma A.12. Let B be a connected, graded commutative algebra over a field F, admitting an action by
algebra automorphisms by a finite group Γ of order relatively prime to the characteristic of F, and let A be
a graded F-subalgebra of the invariant ring BΓ. If B {{ A “ B {{ BΓ, then A “ BΓ.
Proof. Write µ : B BΓ for the Γ-average b ÞÝÑ 1|Γ|
ř
γPΓ γb. As we assume the ideals of B
generated by Aě1 and
`
Bě1
˘
Γ are equal, any homogeneous element b of positive degree in BΓ
may be written as
ř
ajbj for some aj P Aě1 and bj P B. Since f and the aj are invariant,
b “ µp f q “
ÿ
aj ¨ µpbjq.
Thus pBΓqě1 “ Aě1 ¨ BΓ. By the graded Nakayama lemma [Smi95, Prop. 5.2.3], then, A “ BΓ.
Theorem A.13 (Chevalley–Shepherd–Todd [Kan94, p. 82]). Let V be a faithful representation of a
finite group Γ over a field F of characteristic relatively prime to the order of Γ. The following are equivalent:
1. The image of Γ is a pseudoreflection group.
2. The invariant ring FrVsΓ is polynomial.
3. The quotient FrVs {{FrVsΓ is a complete intersection ring.
Now we have enough to prove the our first strengthening of the Shiga–Takahashi theorem.
Proof of Theorem A.3. Since G{K is formal there is by Theorem A.8 a regular sequence ~f in H˚K
which lies in the image of H˚G ÝÑ H
˚
K and is such that H
˚
K {{H
˚
G “ H
˚
K {{Qr
~f s. We have a sandwich
Qr~f s ď impH˚G Ñ H
˚
Kq ď H
N
K .
If HNK “ Qr~f s, the sandwich collapses, showing H
˚
G ÝÑ H
N
K is surjective. On the other hand, if
H˚G ÝÑ H
N
K is surjective, then H
˚
K {{H
N
K “ H
˚
K {{H
˚
G “ H
˚
K {{Qr
~f s, so the sandwich collapses by
Lemma A.12. In short H˚G ÝÑ H
N
K is surjective if and only if H
N
K “ Qr
~f s.
By Proposition A.10, if |N| “
ś
| f j|, then HNK “ Qr~f s. On the other hand, if H
N
K “ Qr
~f s, then
as H˚K {{H
N
K “ H
˚
K {{Qr
~f s is a complete intersection ring, it follows by Theorem A.13 that N is a
reflection group. Then by (A.1) and Proposition A.11,ź
| f j| “ dimF H
˚
K {{Qr
~f s “ dimF H
˚
K {{H
N
K “ |N|.
Now, by (A.1) and Theorem A.8, we know
ź
| f j| “ dimQ H
˚
K {{Qr~f s “ dimQ H
˚
K {{H
˚
G “
dimQ H˚pG{Kq
2rkG´rkK
since G{K is formal. Finally H˚G ÝÑ H
N
K is surjective if and only if H
N
K “ Qr
~f s, if and only
if |N| “
ś
| f j| “ dimQ H˚pG{Kq
L
2rkG´rkK; but this last equation is equivalent to isotropy-
formality by Lemma A.4.
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With Theorem A.7 this immediately can be strengthened:
Theorem A.14. A compact, connected pair pG,Kq is isotropy-formal if and only if it is formal and
ρ˚ : H˚G ÝÑ H
N
K is surjective.
In turn, using A.13 again, one has a further enhancement:
Theorem S. Let pG,Kq be a pair of compact, connected Lie groups. The following are equivalent:
(1) K acts equivariantly formally on G{K;
(2) G{K is formal and H˚pBG;Qq ÝÑ H˚pBK;QqNGpKq is a surjection;
(3) pi0NGpKq acts on the space of indecomposables QH˚K as a reflection group and H
˚pBG;Qq ÝÑ
H˚pBK;QqNGpKq is a surjection;
(4) pi0NGpSq acts on the tangent space s to a maximal torus S of K as a reflection group and H˚pBG;Qq ÝÑ
H˚pBS;QqNGpSq is a surjection.
Proof. The equivalence (1) ðñ (2) is Theorem A.14. For (1) ùñ (3), apply Theorem A.7, and
the proof of Theorem A.3. For (3) ùñ (1), if H˚G H
N
K and N acts on QH
˚
K as a reflection
group, then H˚K {{H
˚
G “ H
˚
K {{H
N
K is a complete intersection ring, so by Theorem A.8, the pair
(G,K) is formal. To see (4) ðñ (1), recall from Theorem A.5 that pG,Kq is isotropy-formal just if
pG, Sq is, and that there is a natural isomorphism from H2pBS;Rq to the dual space of s.
Since Theorem A.5 and Lemma A.6 let one exchange S and K, one also finds the following
invariant-theoretic results, which do not seem to be otherwise obvious.
Corollary A.15. Let pG,Kq be a formal pair and S a maximal torus of K. Then H˚G ÝÑ H
NGpKq
K is
surjective if and only if H˚G ÝÑ H
NGpSq
S is.
Corollary A.16. Let pG,Kq be a formal pair and S a maximal torus of K. Suppose H˚G ÝÑ H
NGpKq
K or
H˚G ÝÑ H
NGpSq
S is surjective. Then pi0NGpSq acts on the Lie algebra s of S as a reflection group if and
only if pi0NGpKq acts as a reflection group on a (hence, any) minimal homogeneous vector space of algebra
generators of H˚K.
B. The cohomology of an equivariantly formal isotropy
action
This section is devoted to a proof of Theorem C Our proof uses Kapovitch’s model for biquo-
tients [Kap, Prop. 1][FOT08, Thm. 3.50],8 which also applies to homotopy biquotients [Car16]. In
our case the homotopy biquotient is by the actions ph1, hq ¨ g “ h1gh´1 on G by the groups
8 following results of Eschenburg [Esc92, Thm. 1, p. 159] and Cartan [Cart51, Thm. 5, p. 216][Bor53, Thm. 25.2].
The cdga modeling G{H is due to Cartan [Cart51, Thm. 5, p. 216], building on work of Weil and Chevalley; the
comparison with the Serre spectral sequence of G Ñ G{H Ñ BH, which is the “pullback argument” from the
universal bundle mentioned in the preceding footnote, is essentially due to Borel in his thesis [Bor53, Thm. 25.2]. The
ring isomorphism H˚pG{Kq – Tor˚
H˚G
pQ,H˚Kq resulting from viewing the Koszul algebra as an H
˚
G-module resolution
of Q means Cartan’s theorem can viewed as a strong collapse theorem for the Eilenberg–Moore spectral sequence of
the fibration G{KÑ BKÑ BG. A proof of Cartan’s theorem by demonstrating this Eilenberg–Moore spectral sequence
collapses under certain conditions is the central result of the thesis of Paul Baum [Bau62].
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H ˆ H ą 1ˆ H ą 1ˆ 1.
The models of the corresponding pG{HqH Ð G{H Ð G can be viewed as a compression into one
page of the Serre spectral sequences of the fibrations (columns)
G

G

G

GHˆH

GHoo

Goo

BH ˆ BH BHoo ˚.oo
The model is then a sequence
pH˚H bH
˚
H bH
˚G, dq ε
b idb id
ÝÝÝÝÝÝÑ pH˚H bH
˚G, d¯q ε
b id
ÝÝÝÑ pH˚G, 0q
of maps of pure Sullivan algebras, where ε : H˚H Ñ H
0pBHq “ Q is the augmentation, d (resp., d¯)
vanishes on pH˚Hq
b 2 (resp. H˚H) and takes a primitive element z P PH
˚G to
1b ρ˚τz´ ρ˚τzb 1 presp., qb ρ˚τzq,
where ρ “ BpH ãÑ Gq and τ : PH˚G „ÝÑ QH˚G H
˚
G is a lifting of the transgression in the Serre
spectral sequence of G Ñ EG Ñ BG.
Proof of Theorem C. As H acts equivariantly formally on G{H, we know [CF18, Thm. A] G{H is
formal, which by Theorem A.8 means that Λ pP – im`H˚pG{Hq ÝÑ H˚G˘ is an exterior algebra
on a space of prkG ´ rkHq elements. By assumption, H˚HpG{Hq ÝÑ H
˚pG{Hq is surjective, so
the image of H˚HpG{Hq ÝÑ H
˚G is also Λ pP. Writing qP for a complement of pP in PH˚G, and
picking cocycles in the first algebra represnting elements that map to Λ pP, we may factor it as`
pH˚Hq
b 2bΛ qP, d˘bpΛ pP, 0q. This factorization descends to a factorization pH˚H bΛ qP, d¯qb pΛ pP, 0q
of the second algebra and it is another consequence of Theorem A.8 that H˚pH˚H bΛ qPq –
im
`
H˚H ÝÑ H
˚pG{Hq
˘
– H˚H{pd¯qPq is a complete intersection ring, or in other words a homo-
geneous basis of dqP forms a regular sequence in H˚H. Particularly, H˚H is free over A :“ Qrd¯qPs,
Now d|qP factors as qP „ÝÑ d¯qP ãÝÝÑ A νÝÑ Ab 2 ãÝÝÑ pH˚Hqb 2,
where ν is given on a basis of elements x P d¯ qP by x ÞÝÑ 1b x ´ xb 1. This makes the target
free over the domain, since 1b x ´ xb 1 and 1b x ` xb 1 are algebra generators for Qrxsb 2,
so pH˚Hq
b 2 is free over νA. Since
`
pH˚Hq
b 2bΛ qP, d˘ – pH˚Hqb 2bApAbΛ qP, τq, where the second
factor, the Koszul algebra, can be viewed as a A-module resolution of Q, its cohomology is
Tor˚A
`
Q, pH˚Hq
b 2
˘
“ Tor0A
`
Q, pH˚Hq
b 2
˘
– H˚H b
A
H˚H – H
˚
H b
H˚G
H˚H.
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